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Outline

● Basis Functions

● Support Vector Machine 

● Neural Networks

2



Linear Models

Linear Regression Fit a linear 
function to the data,

[ Image: Murphy, K. (2012) ] [ Image: Hastie et al. (2001) ]

Logistic Regression Learn a decision 
boundary that is linear in the data,
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Nonlinear Data

What if our data are not
well-described by a linear 

function?

What if classes cannot be 
well-distinguished by a 

linear function?
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Example: Earthquake Prediction 

Suppose that we want to predict the number of earthquakes 
that occur of a certain magnitude.  Our data are given by,

Fitting a linear regression

is not very helpful
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Example: Earthquake Prediction 

Suppose that we want to predict the number of earthquakes 
that occur of a certain magnitude.  Our data are given by,

But plotting outputs on

a logarithmic scale reveals
a strong linear 
relationship…

(log frequency)
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Beyond linearity: Transformation in x 7



Beyond linearity: Transformation in x 8



Feature embedding trick 9

from https://datascience.foundation/sciencewhitepaper/underfitting-and-overfitting-in-machine-learning

higher-order polynomial = higher complexity = prone to overfitting!



Basis Functions 10



Linear Regression

Recall the ordinary least squares solution is given by,

Design Matrix

( each training input on a column )
Vector of

Training labels

Can similarly solve in terms of basis functions,

11



12



Example: Polynomial Basis Functions

Create three two-dimensional data points [0,1], [2,3], [4,5]:

Compute quadratic features                                     ,

These are now our new data and ready to fit a model…
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Example: Polynomial Basis Functions

Plot train set and the actual functionCreate a 3-rd order polynomial (cubic) function,
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Example: Polynomial Basis Functions

Perform linear regression; plot it
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turns train_x (length 5 array) into a matrix (5 by 1 matrix)



Data Preprocessing

• Generally the first step in data science involves preprocessing or 
transforming data in some way

• Filling in missing values (imputation)

• Centering / normalizing / standardizing

• Etc.

• We then fit our models to this preprocessed data

• One way to view preprocessing is simply as computing some 
basis function        , nothing more 
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Basis Functions

PROs

• More flexible modeling that is nonlinear in the original data

• Increases model expressivity

CONs

• Typically requires more parameters to be learned

• More sensitive to overfitting training data (due to expressivity)

• Requires more regularization to avoid overfitting

• Need to find good basis functions (feature engineering)

17



Outline

● Basis Functions

● Support Vector Machine 

● Neural Networks
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Linear Decision Boundary

Forget about the ‘regression’ point of view for now.. 

At the end of the day, we just want a line that separates the two classes well.

Q: but if you have to choose one, 

which one will you choose?

19



Classifier Margin

The margin measures minimum 
distance between each class and the 

decision boundary

Observation Decision boundaries with 
larger margins are more likely to 
generalize to unseen data

Idea Learn the classifier with the largest 
margin that still separates the data…

…we call this a max-margin classifier
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Hyperplane

21
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A linear discriminant function in D dimensions 

is given by a hyperplane, defined as follows:

For points that lie on the hyperlane, we have:
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Separating Hyperplane
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A hyperplane h(x) splits the original d-

dimensional space into two half-spaces. 

If the input dataset is linearly separable:

Example:
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Separating Hyperplane: weight vector
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Let a1 and a2 be two arbitrary points that lie on 

the hyperplane, we have:

Subtracting one from the other:

The weight vector w is orthogonal to the 

hyperplane.
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Distance of a Point to the Hyperplane
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Consider a point X not on the hyperplane. Let 

Xp be the projection of X on the hyperplane.

Let r be the steps need to walk from Xp to X.

Q: how many steps/direct distance do we 

need to walk?
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Distance of a Point to the Hyperplane
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Consider a point X not on the hyperplane. Let 

Xp  be the projection of X on the hyperplane.

Let r be the steps need to walk from Xp to X.
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Distance of a Point to the Hyperplane
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Q: What is the direct distance from origin (x=0) 

to the hyperplane? 

Example:

Q: how to deal with 

negative distance?
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Distance of a Point to the Hyperplane
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Q: How to deal with negative distance? 

Example (when point is the origin): 
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Margin and Support Vectors

Over all the n points, the margin of the 

linear classifier is the minimum distance of 

a point from the separating hyperplane: 

All the points that achieve this minimum 

distance are called support vectors.
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Max-Margin Classifier (Linear Separable Case)

Find f that maximize margin 
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↓ negative margin when 

misclassifying it!

The distance for (x(i), y(i)) to separating hyperplane



Max-Margin Classifier (Linear Separable Case) 30



Max-Margin Classifier (Linear Separable Case)

Minimum margin over

all training data

Maximize the

minimum margin

Find the parameters (w,b) that maximize the smallest 
margin over all the training data
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Canonical Hyperplane 32

Issue: infinite equivalent hyperplanes result in infinite solutions

Solution: choose the scalar 𝑠 such that the absolute distance 

of a support vector from the hyperplane is 
1

𝑤

Margin:

Max margin:

1 for support vectors 



Support Vector Machine (Hard Margin)

… it leads to

This is a convex (quadratic) optimization problem 
that can be solved efficiently

• Data are D-dimensional vectors

• Margins determined by nearest data points called support vectors

• We call this a support vector machine (SVM) 
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Support Vector Machine (Soft Margin)

If the data is linearly not separable,
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error

Equivalent formulation

regularization



SVM - Soft Margin: hinge loss

Equivalent formulation

3
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SVM - Soft Margin: an example
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A

B

C
D
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SVM in Scikit-Learn

SVM with linear decision boundaries,

sklearn.svm.LinearSVC

Call options include…
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https://scikit-learn.org/stable/modules/generated/sklearn.svm.LinearSVC.html#sklearn.svm.LinearSVC
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Example: Fisher’s Iris Dataset

Iris setosa
Iris versicolor Iris virginica

Classify among 3 species of Iris flowers…

Four features (in centimeters)

• Petal length / width

• Sepal length / width
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Example: Fisher’s Iris Dataset

Fairly easy to separate 
setosa from others using a 

linear classifier

Need to use nonlinear basis / 
kernel representation to 

better separate other classes
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Example: Fisher’s Iris Dataset

Train 8-degree polynomial kernel SVM classifier,

[ Source: https://stackabuse.com/implementing-svm-and-kernel-svm-with-pythons-scikit-learn/ ]

Generate predictions on held-out test data,

Show confusion matrix and classification accuracy,
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