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Outline

» Basic setup of parameter estimation



Probability and Statistics 4

Probability: Given a distribution, compute probabilities of data/events.

Probability

/_\i

Data generating process Observed data

V

Inference / Estimation

Statistics: Given data, compute/infer the distribution or its properties.

[ Source: Wasserman, L. 2004 ]



Intuition Check 5

Suppose that we toss a coin 100 times. We don’t know if the
coin is fair or biased...

Question 1 Suppose that we observe 52 heads and 48 tails. s the coin
fair? Why or why not?

Question 2 Now suppose that out of 100 tosses we observed 73 heads
and 27 tails. Is the coin fair? Why or why not? 0

Question 3 How to estimate the bias of the coin \
with 73 heads and 27 tails if using 73/1007?

| .



Good & bad estimators

Example Estimate 8 = u = ), x - f(x) for an unknown distribution

Say true 8 = 3.5
Our dataset X, X,, X3, X, are 3,6,5,-2.
Can try to estimate 8 using any function of X, ..., X,:

A

HN:




Good & bad estimators

Given an already-drawn sample, the quality of an estimator depends on
the representativeness of the sample.

e.g.
or

Example Coin toss X ~ Bernoulli(p = 0.5)

* If unlucky to observe 1, 1, 1, 1, then both estimators perform badly

 When we say “i Y+ . X; is a better estimator than X, - X,”, what exactly
do we mean?



Estimating Coin Bias

We can model each coin toss as a Bernoulli random variable,

X ~ Bernoulli(p) => PMF :
-p p

Recall that p is the coin bias (probability of heads) and that,
E[X]=p

Suppose we observe N coin flips -1, - . . , TN, estimate p using sample mean

1 N
ﬁ:_ Ln
P>

Why is this a good guess?



Parameter Estimation: basic framework 9

We pose a model in the form of a probability distribution,
with unknown parameters of interest 0,

Po

Observe a sample of N distributed (iid) data points

xl, ...,xN ~ pe,
Find an estimator to estimate parameters of interest,
(9]\] = 7"(331, cee ,wN)

Note: 6 fixed and unknown; 8y is a random variable



Parameter Estimation: basic framework

* We pose a model in the form of a probability distribution pg,
with unknown parameters of interest 0

* Where do such models come from?
* Models are found by trial and errors in different applications

==

S, All models are approximations.
- Q Essentially, all models are
wrong, but some are useful.

However, the approximate

natuve of the model must

always be borne in mind.
George Box

More science quotes at Today in Science History todayinsci.com

\
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Bigger picture: Connection to Machine Learning 11

Statistical inference is sometimes called “probabilistic machine
learning™

1. Model how the data is generated by probabilistic models, but with parameters
unspecified (modeling assumption / generative story)

3. (Test) Make prediction / decision based on the learned model P(z; 6)

& In Statistics, we mostly stop at

g data
I 4
12

=i o7

Q. T

Machine Learning cares more about
step 3: prediction & decision



Distribution of an estimator

parameter

parameter
6 R parameter sample 1
' . N/
Ga &@)}
e.qg. all students in
some college - sample 2
6
described by their random sample
“average height” (size m)
sample k
Population population
Population (size n)
(size n)
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0, is a random variable, it has a distribution | ;
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How good is an estimator 13

 We can get a sense of the quality of an estimator 8,, by
plotting its probability distribution Recall: 8, is a random variable

Distribu'tion of 8,

Good Bad Bad



How good is an estimator

» Quantitatively, we can use the mean squared error (MSE) to
measure the quality of an estimator
A 2
MSE =E|(8,, — 0
Distribution of 6, [( ) ]

Low High MSE High MSE
MSE /

High bias High variance’




Bias 15

| | Distribution of &,
* Bias: expected overestimate of 6

. Bias(@n) = E[@n] — 0

also denoted as g

- An estimator is unbiased if Bias(8,,) = 0



Variance

» Variance: how much 8,, deviate from its mean

- Var(8,) = E[(8,—E|6,])?|

Distribution of 6,,
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The bias-variance decomposition 17

Fact The MSE of an estimator 8,, can be decomposed as:
MSE = Bias(én)2 + Var(@n)
Justification ug : the mean of 6,

~ MSE =E|[(6h—ug, +1g, — 7]
= E[(0p—1g ) + (ug, — 0)* + 2(0, — up (g, — 6|

/0 \

Variance Bias 0 (why?)



Bias and Variance 18

Suppose an archer takes multiple shots at a target...

Low Vari High Vari . (A 2 A
oW variance lg ariance MSE — Blas(gn) + Var(en)
2 .
E * Target =6
Accurate Accurate  Each shot = an estimate é
Precise Not Precise
3 * Bias = systematic error
e - Variance ~ random error
2
Not Accurate Not Accurate

Precise Not Precise




COInﬂlp 19

Example Observe n coin flips X, ..., X;, ~ Bernoulli(p)

We use the sample mean X,, = =2 * . X; to estimate p. Find this

estimator’s bias, variance, MSE. —
il =D

Var[X;] = p(1 —p)
E[X,] = -1, E[X;] = p = Bias =0
Var[X,] = 12  Var[X;] = A2
n n
/

p(1—p) X
n

MSE = Bias? + Variance =

I .



Coinflip: Laplace’s estimator

Example Observe n coin flips X3, ..., X,;, ~ Bernoulli(p)
2+n

Consider another estimator pp =
e.g. 7 successes out of 10 trials,
sample mean )?n:llo = 0.7

new estimator pg: 18—2 = 0.67

This is called “Laplace’s Law of Succession” estimator
Laplace (1814) used it to estimate the probability of sun rising tomorrow

20



In-class exercise: bias & variance of Laplace’s estimator:

Example Observe n coin flips X, ..., X,, ~ Bernoulli(p)

Consider another estimator pg = 1;3‘:5
Find the bias and variance of pj.
Solution

~ 1 1+E[X; X;] _ 1+np . 1-2p
E[pB] - 2+n  2+n = Bias = 2+n

Var[pg] = Var ZiX] = . VarlX;] = " p(1-p)

24+n (2+n)2 (2+n)2

MSE = Bias? + Variance = -



Comparison of two estimators

 Let's compare the two MSEs with n=10

o MSE O.I: Xn: p(i;p) § Unbia-sed esti_m‘ator )?n
5 g g Biased estimator pp
~ _ 1+6p—=6 S
S | |
0.0 0.2 04 06 0.8

p

Is an unbiased estimator “better” than a biased one? It depends...

22
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Warmup question: coinflips

Example Observe n coin flips X4, ..., X,, ~ Bernoulli(p)
Consider a “blind” estimator p = %

What is p’s bias and variance?
: ~ A 1
Bias(p) = E[p] —p =5-p

Variance(p) = 0

2
MSE(p) = Bias(p)? + Variance(p) = G — p)

23
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