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Outline

• Support Vector Machine

• Basis Functions
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Linear Models

Linear Regression Fit a linear 
function to the data,

[ Image: Murphy, K. (2012) ] [ Image: Hastie et al. (2001) ]

Logistic Regression Learn a decision 
boundary that is linear in the data,
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For two classes: 𝑝 =
1

1+𝑒𝑤
𝑇𝑥+𝑏

= 0.5



Nonlinear Data

What if our data are not
well-described by a linear 

function?

What if classes cannot be 
well-distinguished by a 

linear function?
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Example: Earthquake Prediction 

Suppose that we want to predict the number of earthquakes 
that occur of a certain magnitude.  

Fitting a linear regression

is not very helpful
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But plotting outputs on

a logarithmic scale reveals

a strong linear relationship…



Beyond linearity: Transformation in x 6



Beyond linearity: Transformation in x 7



Feature embedding trick 8

from https://datascience.foundation/sciencewhitepaper/underfitt ing-and-overfitt ing-in-machine-learning

higher-order polynomial = higher complexity = prone to overfitting!



Basis Functions 9

Example
• Two features: 𝑥 = (𝑥1, 𝑥2)

• Quadratic features: 𝜙1 𝑥 = 1, 𝜙2 𝑥 = 𝑥1, 𝜙3 𝑥 = 𝑥2, 𝜙4 𝑥 = 𝑥1
2, 𝜙5 𝑥 = 𝑥2

2, 𝜙6 𝑥 = 𝑥1 ⋅ 𝑥2
• For an input: 𝑥 = 2,3
• 𝜙 𝑥 = 1, 2, 3, 4, 9, 6

• 𝑦 = 𝑤𝑇𝜙 𝑥 = 𝑤1​×1 + 𝑤2​×2 + 𝑤3​×3 + 𝑤4​×4 + 𝑤5​×9 + 𝑤6​×6
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Example: Polynomial Basis Functions

Create three two-dimensional data points [0,1], [2,3], [4,5]:

Compute quadratic features                                     ,

These are now our new data and ready to fit a model…
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Example: Polynomial Basis Functions

Plot train set and the actual functionCreate a 3-rd order polynomial (cubic) function,
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Example: Polynomial Basis Functions

Perform linear regression; plot it
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turns train_x (length 5 array) into a matrix (5 by 1 matrix)



Data Preprocessing

• Generally the first step in data science involves preprocessing or 
transforming data in some way

• Filling in missing values (imputation)

• Centering / normalizing / standardizing

• Etc.

• We then fit our models to this preprocessed data

• One way to view preprocessing is simply as computing some 
basis function        , nothing more 
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Basis Functions

PROs

• More flexible modeling that is nonlinear in the original data

• Increases model expressivity

CONs

• Typically requires more parameters to be learned

• More sensitive to overfitting training data (due to expressivity)

• Requires more regularization to avoid overfitting

• Need to find good basis functions (feature engineering)
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  p =  1  1 +  e   w T x + b = 0 . 5


  x = (  x 1 ,  x 2 )


    Qu adratic  features:  𝜙 1  ( x ) = 1 ,    𝜙 2  ( x ) =  x 1 ,  𝜙 3  ( x ) =  x 2 ,  𝜙 4  ( x ) =  x 1 2 ,  𝜙 5  ( x ) =  x 2 2 ,  𝜙 6  ( x ) =  x 1   ⋅ x 2


  x =  (  2 , 3 )


  𝜙  ( x ) =  (  1 ,   2 ,   3 ,   4 ,   9 ,   6 )


  y =  w T 𝜙  ( x ) =  w  1 ​ × 1 +  w  2 ​ × 2 +  w  3 ​ × 3 +  w  4 ​ × 4 +  w  5 ​ × 9 +  w  6 ​ × 6

