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Recap

PDF of a transformation of a continuous RV

X + b has a PDF that is a translation of X’s PDF by b units
aX’s PDF is X’s PDF stretched by a factor of a horizontally

Mean
E[X] = [ x f(x) dx
E[r(X)] = [r()f(x) dx

Variance
Var(X) = 02 = E[(X — w)?] = E[X?] — (E[X])?

Propertles
ElaX] = a E[X]
Var(aX) = a*Var(X)
E[X +b] =E[X]+ b
Var(X + b) = Var(X)



Outline

« Calculating probabilities about Gaussians

 Multivariate Random Variables
* Joint distribution
* Marginal distribution



The standard Gaussian distribution

Gaussian distribution with u = 0 and 6% = 1

Denoted by Z ~ N(0,1)
Its PDF denoted by ¢(z), and CDF denoted by ®(z)




Calculating probabilities about Gaussians

Symmetry of ¢ => &(—a) =1 — d(a)




Calculating probabilities about Gaussians

Suppose X ~ N(5,22), how can | calculate P(1 < X < 8)?

Transform X into another variable:
X ~NQ,o02):E[X] =u Var[X] = ¢

What is mean and variance for the following transformations
of X? —
aX] = a E[X]

-~ X — U Var(aX) = a?Var(X)
X _ E[X +b] =E[X] + b
A7H Var(X + b) = Var(X)

o




Calculating probabilities about Gaussians

Suppose X ~ N(5,22), how can | calculate P(1 < X < 8)?

Transform X into standard normal Z:

X ~N(u, o2 E[aX] = a E[X]
2 Var(aX) = a?Var(X)
:>X—/1~N(0,0' ) E[X + b] = E[X] + b
Var(X + b) = Var(X)

. 7 =2E N,

o

We can write P(a < X < b) using P(c < Z < d), which in
turn can be written in ®.



Calculating probabilities about Gaussians

Pla < X <b)
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Example Suppose X ~ N(5,22), calculate P(1 < X < 8)
Thisis @ (22) — & (£2) = @(1.5) — d(=2) = B(15) — (1 — ()

from scipy.stats import norm
print(norm.cdf(1.5)-(1-norm.cdf(2)))

0.9104426667829627



Calculating probabilities about Gaussians

. What is the probability that a Gaussian RV X is within k (k =

1,2, ...) std of its mean?

-
i+ o = Dor I

Plu—ko <X<u+ko)



Calculating probabilities about Gaussians

I
5

pr =P(u—ko <X <u+ko)
=P(—k<X;“<k)
o

=P(-k<Z<k)

= o(k) - (1— (P(k) o

=2d(k) —1 o s .
1 0.6826
2 0.9544
3 0.9974
4 0.99994

In words,

With probability about 95%, X is within 2 std of its mean
With overwhelming prob. (99.7%), X within 3 std of mean



CDF of Gaussian Distributions

1.0

F: CDF of Gaussian N(u, 02) E :
Q: whatis F(u)? ol

F(u)=§

F(x) changes fast near u
F’s “sensitive range” is about [u — 30, u + 30]



Multivariate Random Variables



Multivariate RVs: example

X: people -> their genders
Y: people -> their class year

We'd like to answer questions such as: does X and Y have a correlation?
l.e., is a student in higher class year more likely to be male?

We call (X, Y) a multivariate RV, and will study its joint distribution



Joint distribution of discrete RVs

. The joint PMF (probability mass function) of discrete
random variables X, Y:

fx,y) =P X =x,Y =y)

Examples
1

P(X = Fem,Y = Soph) = ”

P(X = Fem,Y = Jun) =i




Joint distribution of discrete RVs

. X: # of cars owned by a randomly selected household
. Y: # of computers owned by the same household

X 1 2 3 4

Joint pmf shown with a table 101 001 0

2 03 |0 0.1 02
3 0 02 0 0

Probability that a randomly selected household has > 2 cars
and > 2 computers?

P(X=2Y>2)=05



Marginal distributions

Given joint distribution of (X,Y), need distribution of one of them, say X.
Named the marginal distribution of X.

How to find P(X = x)? X 1 2 3 4
Using law of total probability:

GO =) f(6)
y

i

01 0 01 0

03 0 0.1 02
3 0 02 0 0

(]

This operation is called marginalization (‘marginalizing out variable Y’, or
variable elimination)



Marginal distributions

y
X 1 2 3 4 Total
1 01 0 01 0 0.2
2 03 0 01 02 0.6 o
f1: marginal distribution of X
3 0 02 0 0 0.2

Total 04 02 02 02 1.0

f>: marginal distribution of Y

fl(X=1)=Zf(1,y) =014+04+01+0=0.2
y



Joint distribution of continuous RVs

Any continuous random vector (X,Y) has a joint probability density
function (PDF) f(x,y), such that for all C,

P ed) = || fanardy AT
C \

f(x,y): represent a 2D surface
double integral: the volume under the surface

Properties:
f is nonnegative
+ JI.2 f(x,¥) dx dy = 1 (R? = the whole x-y plane)
P((X,Y) ER?) =1



Example: dartboard

Dartboard with center (0,0) and radius 1; dart lands
uniformly at random on the board

YJ\
. What is the joint PDF of (X,Y)? f\
. Fact: the PDF is KJ

flx,y) ={

X

c,x*+y*<1
0, otherwise

. This is called “the Uniform distribution over the unit disk”



Example: dartboard

The PDF of X,Y is
f(x,y) ={

c,x*+y%*<1
0, otherwise
Can we find ¢?

Observe: volume under f(x,y) is mc (cylinder)
which must also be 1

Therefore,c =1/n

e
N

N

Y



Marginal distribution of continuous RV

Given joint distribution of continuous RV (X,Y), how to find X’s
PDF f,?

Fact (marginalization) f;(x) = [, f(x,y) dy

Replacing summation with integration in the continuous case (‘marginalizing /
integrating out variable Y")

How about Y’s PDF f,?
Marginalize out X



Example: dartboard

The PDF of X,Y is
.

x4 +y2 <1

0, otherwise

flx,y) =5

\

What is the marginal distributi+on over X?
A= o dy

How to find this integral?




Example: dartboard

A

+V 1 —x2

ahy
N

For a fixed x € [—1, 1], we can think of f(x) is the area of the slice:
+ height: ~, width: 2 - V1 — x?

¢ R =2 NT=R

05



Example: dartboard Ky

In summary, / >
( X
2. 12 _
fo) = 1x 1—x%x€e|-1,1]
0, otherwise

0:5

N

-1 0.5 0 05 1

X’s distribution is NOT Uniform([—1,1])!
Actually makes sense: X closer to 1 is harder to be hit



Recap and Plan

 Multivariate RVs
* Discrete
* Marginal: fi(x) =%, f(x,y)
* Continuous
* Marginal: f;(x) = [, f(x,y) dy

* Independence of RVs

 Conditional distribution of RVs



Joint distribution of more than 3 RVs

We can consider the joint distribution of more than 3
random variables,
E.g. (A,B,C), A = gender, B = class year, C = blood type

Discrete RVs: can still define joint PMFs

alble| Pl(A=a, B=50C =r¢)
IERIRNY (.06
IERINE 0.09
0110 0.08
01111 0.12
1100 (.06
101 .24
1110 0.10
11111 0.25




lalble| PlA=a. B=5bC ==

MarginalizatiOn NG 0.06

001 0.09

Given the joint distribution of (4, B, C) 11} 1 0.
1101 i]:f-.".il

110D (.10

What is the distribution of A? 111 0.25

Need to find P(A=0) and P(A = 1)
P(A = 0) =zP(A —0,B=bC =)
b,c

Marginalization: summing over
irrelevant variables

What is the joint distribution of (4, B)?
Need to find P(A=0,B=0),.., P(A=1,B=1)

P(A=0,B=0) =ZP(A=O,B=O,C=C)
C



Marginalization for continuous RVs

Suppose joint PDF of (4,B,C) is f(a, b, c)
. What is the PDF of A?

fa(a) = jf f(ab,c) db de
)]

. What is the joint PDF of (4, B)? varginalizatio: summing over
fap(a,b) = jf(a, b,c)dc
R

These operations generalize to joint PDFs of more RVs..



29



Independence of two RVs

RVs X,Y are independent (denoted by X 1L Y) if
f(x'y) — fl(x) ) fZ(y)f forallx,y

PMF or PDF Marginal of X Marginal of Y

E.g. for discrete X, Y,
P(X=3,Y=4)=PX=3) -P(Y =4)

Therefore, {X = 3} and {Y = 4} are independent events



In class activity: checking independence of RVs

Which of these PMFs correspond to independent X 1L Y?

V=0 Y=1 Y=0 Y=]
X=0 | 1/4 1/4 1/2 X=0]1/2 |0 1/2
X=1 | 1/4 1/4 1/2 X=1 |0 1/2 1/2
1/2 1/2 1 1/2 1/2

X,Y independent X,Y not independent

Ziggfio%hicﬁom, E.g. 1(0)f,(1) = ;t whereas f(0,1) =0

(4 equalities) only one counterexample suffices to
disprove independence!



Independence is invariant under transformations

Fact If X,Y are independent, then f(X),g(Y) are also
independent

E.g. X =tomorrow’s temperature (in Celsius); Y = tomorrow’s
NVIDIA stock price (in $)

f(X) = tomorrow’s temperature (in Fahrenheit); g(Y) =
tomorrow’s NVIDIA stock price (in cents)



Independence of more than two RVs

RVs X, ..., X,, are independent if their joint PMF or PDF
satisfy

fx1,x0, w0 x) = f1(x1) f2(x2) . frn (x),

PMFs or PDFs Marginal for X; Marginal for X,

for all x4, ..., x,

This captures many real-world applications:

Independent trials: each X; is Bernoulli(p)
Flip 10 coins: x4, x5, ..., X419



True or False?

If | flip 10 coins independently, it is more likely that | see
HTTHTHHTHT

than
HHHHHHHHHH

False 1
FIHTTHTHHTHT) = f,(H) - .- f10(T) = 55

1
f(HHHHHHHHHH) = £, (H) - .. fio(H) =5



Independence of more than two RVs

Fact If X, ..., X,, are independent, then

any subset X; , ., Xi are iIndependent
E.g. X;, X3, X, are independent

any disjoint subset (X; , ..., X; ), (X,
Independent, e.g.,

(X1, X,) is independent of X,

(X1, X3) is independent of (X,, X,)

.., Xj,) are



Conditional distributions of RVs



Conditional distributions (discrete)

. X,Y have joint PMF f.Y has marginal PMF £,

Conditional PMF of X given Y = y:

g1 Galy) = 222
. f2()
P(X=xY=y) . .
Sameas — = =P(X =x|Y =)

. g1(x|y) is viewed as a function of x: “the conditional

distribution of X given Y = y”



In-class activity (discrete case)

Example X=0: car not stolen, X=1: car stolen, which brand is the safest?
Joint PMF of X, Y, find P(X =0]Y = 1)

Brand Y
Stolen X 1 2 3 4 5 Total
0 0.129 0,298 0.161 0280 0.108 0.976
1 0.010 0.010 0.001 0.002 0.001 0.024
Total 0.139 0308 0.162 0282 0.109 1.000
Solution
PX=0Y=1) 0.129
P(X = O|Y = 1) = = = 0.928

PY=1)  0.139



In-class activity (discrete case)

Example X=0: car not stolen, X=1: car stolen

Joint PMF of X, Y: Brand ¥
Stolen X 1 2 3 4 5 Total
0 0,129 0.298 0.161 0.280 0108 0.976
1 0.010 0.010 0.001 0.002 000 0.024
Total 0.139 0308 0.162 0.282 0109 1.000
Find the table of the conditional PMF of X given Y
Solution Brand Y
Stolen X 1 2 3 4 5

0.928 0.968 0.994 0.993 0.991

1 0.072 0.032 0.006 0.007

0.009



Conditional distributions (continuous)

X,Y have joint PDF f.Y has marginal PDF f,

Conditional PDF of X given Y:

91 (xly) = f o)) I
! f2(y) /Y
Example Conditional distribution of X givenY = 0.6: /

Answer: Uniform([—0.8, +0.8]), g(x|Y =0.6) = 08108 = 116

LY




Recap: Uniform Distribution

X ~ Uniform([a, b])
(0, y<a

fx) =4 b%, y € [a, b] . ,

a

0, y>b

a |b : 0 d

1 meter
I 1 1
[ LK LR LY RENAAREARY EAAAF CLAAY (AARYRAKRY AR RUAAY RARE RAVATURANG RRANY GRAAT LARRY QAREY QALY ARYS




Conditional distributions & independence

Fact X,Y are independent
Here, g, f are PMF or PDF
& for all Y g(xly) are all equal to f(x) depending on the types of X,Y

Assume Y can only take the value 1, 2, and 3. We say X,Y are independent
when

fX=x)=gX=x|Y=1),and
fX=x)=9gX=x|Y =2),and
fX=x)=gX=x|Y =3)

In other words, knowing Y does not change our belief on X



In-class activity

Joint PMF
Brand ¥
Stolen X 1 2 3 4 5 Total
0 0,129 0.298 0,161 0280 0.108 0.976
1 0.010 0.010 0.001 0.002 0.001 0.024

f(x)

Question: are X,Y independent?

g(x = 0]1) = 0.928
f(x=0)=0.976

Not equal, so not independent

conditional PMF of X,Y

Brand Y
Stolen X 1 2 3 4 5

0.928110.968 10.994 0.993 0.99
1 0.07210.032 10.006 0.007 0.009

g(x|1) g(x]2)



Independence: visualization

Left: X,Y independent; Right: X,Y not independent

g1(ylx =-1) g;(ylx =+1) g1(lx =-1) g;(ylx =+1)



True or False?

If | flip a fair coin repeatedly, and my first 2 trials are both
tails. Then my third throw will have a higher chance of
showing head.

This is asking g;(H | TT) = P(X; = H|X; =T,X, =T)
Since X5 is independent of X;, X, — P(X3 —_ H) —_ 1/2
so the claim is false

This is known as the gambler’s fallacy
Prior losses do not increase the chance of future win



Conditional expectation

Definition The mean of the conditional distribution of

X givenY =y, is called the conditional expectation of X givenY =y,
denotedas E[X |Y = y].

E|X |Y = y] can be found by:

- Yyx-g(xly) ,if X is discrete

Conditional PMF
fj;ox - g(x|y) dx, if X is continuous

Conditional PDF



Independence: visualization

Left: X,Y independent; Right: X,Y not independent
4 larger
Y Y
-L- - smaller
X X
g1ylx=-1 g;(ylx = +1) g1(ylx =-1)  g,(ylx = +1)

Which one is larger, E[Y|X = —1] or E[Y|X = +1]7?
The former



Recap

RVs X;, ..., X,, are independent if their joint PMF or PDF satisfy
f(xy, %2, e, x0) = f1(x1) f2(x2) .. fn (X)),

Conditional PDF of X given Y:

g1 (xly) = L&)

f2(y)

X,Y are independent < for all y, g(x| y) = f(x)

E[X|Y=y]=Y,x-g(x|y),if X is discrete



Independence: visualization

X,Y not independent

g1(ylx =-1) g,(ylx = +1)

Which one is larger, E[Y|X = —1] or E[Y|X = +1]7?
Answer: compare the mean of the conditional distribution, so the
former has higher mean
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Finding distributions of random variables

Assume Z =r(X,Y) = X + Y, how to find distribution of Z ?

Example: Total cost Z = X + Y, where X = food expenses, Y =
transportation cost

Step 1: find potential values of Z

Step 2: find the probability that Z takes each possible value



Finding E[r(X,Y)]

If we are only interested in finding E[r(X,Y)], we can bypass
finding (X, Y)’s distribution using the rule of lazy statistician

E.g. when X,Y are discrete:

E[r(X,Y)] = z r(x,y) - P(X = x,Y = y)

X,y

Similar formulae hold for more than 3 RVs / continuous RVs



Expectation and Variance revisited



Recap: expectation and variance

Mean
- Ela-X]=a-E[X]
- Ela-X+bl=a-E[X]+Db

. Variance

Var(X) = E[(X — w)?] = E[X?] — (E[X])?
Var(a-X) = a® - Var(X)

Plan

. E[X+Y]?
Var|X + Y]?

. E[X-Y]?



Linearity of expectation
Fact Expectation of sum is sum of expectations

ElX; + X;] = E[X;] + E[X;]

no independence needed
generalizes to n variables

linearity of expectation
ElaX + b] = aE[X] + b



Linearity of expectation

Example Proportion of R balls is p = 20%
Randomly sample n = 100 balls with replacement
X: number of R balls in the sample.

Let X; = 1if i-th ball is R, and 0 otherwise
E[X] =?

Solution

>X=X;++X,

Each X; has expectation p

= E[X] = E[X{]+ -+ E[X,] =np =20

Red balls
Blue balls



Linearity of Variance?

Is Var[X + Y| = Var[X] + Var[Y]?

It depends..

whenY = —X,

Var[X +Y] =0

Var[Y] = Var[—1 - X] = 1% - Var[X] = Var[X]
=>
whenY = X,
Var[X + Y] = Var[2X] = 4 Var[X]

Var[Y] = Var[X]

=>

Extra correction is needed to balance the equation: covariance!



Covariance

Covariance of X, Y: numerical measure of the degree to which X,Y vary
together. Let E[X] = u,, E[Y] = u,:

Cov(X,Y) = E[(X — ) (Y — )]

= E[XY] — peity
Hx Hx
Y Y
Hy My
X X
Cov(X,Y) >0 Cov(X,Y) <0

Positive correlation: X, Y simultaneously large or small



Properties of Covariance

Let E[X] = py, E[Y] = 1y, "
, R
COV(X; Y) — E[(X — .ux)(Y — :uy)] o
= E|XY] — u,p,
X

Properties

Cov(X,X) = E[(X — u,)?] = Var[X]

Cov(X +aY + b) — Cov(X, Y) Covariance is invariant to shifting

COV(CX, dY) = Cd Cov(X, Y) Covariance is sensitive to scaling



Property of Variance — Corrected formula

Fact
Var|X + Y] = Var|X] + Var[Y] + 2 - Cov(X,Y)

Sanity check:

When ¥ = —:20ov(x,¥) = ~2VarlX] NS

LHS =RHS =0 = —E[X?] + (E[XD? = —Var[X]
When Y = X: 2Cov(X,Y) = 2Var[X] Cov(X,Y) = E[X - Y] — ey,
_ _ = E[X - X] — E[X] - E[X]
LHS = RHS =4 Var[X] L =) e

What happens when X, Y are independent?



Independent RVs: important properties

Fact When X L Y, E[XY] = E[X]E[Y].

Justification

EIXYI =) Y 2y fy) = ) ) 2y i(0L)
X y X Yy

= Exfl(x)z y () = fol(x) iy =ty
y

X X



Independent RVs: important properties

We know when X and Y are independent, aka X L Y, E[XY] =
E[X]E[Y]. How about Cov(X,Y), Var(X + Y)?

Facts:

Cov(X,Y) = E[XY] — E|X]E[Y] =0
Var(X +Y) = Var|X] + Var|[Y] + 2 - Cov(X,Y) = Var|X] + Var|Y]



Gaussian is closed under addition

Fact If X ~ N(uy,0%),Y ~ N(uy,0¢),and X L Y, thenZ = X +
Y is also Gaussian.

Find the parameters of Z’s distribution: Z ~ N(?,7)
E[Z] = E[X + Y] = E[X] + E[Y] = pux + uy

Var[X + Y] = Var[X] + Var[Y] = 0% + o

Thus, Z ~ N(HX + Uy, o')% + 0-1;) Generalize to 3 or more RVs



In class exercise: a concrete counterexample

Does zero covariance imply independence?

No: covariance only measures strength of linear relationship
between X,Y

X,Y are independent Cov(X,Y) =0
0 0 0 0
i"\;a’ P ﬁ:ﬁ“%‘ 4 _;\.,,ﬁi"‘ L




The covariance matrix

| -
The covariance matrix of C‘;’r‘?(‘tq‘g) I Cov(4,B)
ar
RVs 4,B is a2x2 array, with |~ ° : ______
its entries being I
Cov(B,4) 1 Cov(B,B)
I Var(B)

Matrix: 2d array of elements - . -
The covariance matrix of RVs (X, ..., X
. . . . ( _1 Tl) COV(Xl,Xl) COV(Xl,Xn)
IS a nxn array, with its entries being : :

Cov(X,,,X;) - Cov(X,,X,)

(we will see examples soon..)




Aside: visualizing correlations between variables

Useful tool: Pair plot ]
] . siee w 85w
£ R . |
bl 2 A A
H 51 v oy g 1w e, 1 ¢ .
g | F 5
Example iris data o] S i lg .
: £ Mo, SRR L.
each data point has 4 0| S e v R
201 . . .... . ‘ 1L : E. . Species
features 1 o e
Xy, X3, X3, X | ¥
1,422,443, 44 2] A |
I S N -
g 15 1 ..-.; W‘;,;-.: " 1 .',EEE::. . 1 ) _;;;:':.—3 S 1
) 4 B B 2 3 4 5 2 4 B B 0 1 2 3

SepallengthCm SepalWidthCm PetallengthCm PetalWidthCm
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